Canonical products of distributions and causal solutions of nonlinear wave equations  by Braunss, G & Liese, R
JOURNAL OF DIFFERENTIAL EQKATIOKS 25, 145-147 (1977) 
Addendum 
Canonical Products of Distributions 
and Causal Solutions of Nonlinear Wave Equations 
This paper is a supplement to a previously published paper [I]. In [l] a 
class calculus for distributions had been introduced and applied to obtain 
causal solutions for a certain class of nonlinear wave equations. We shall 
complete this result here by proving a theorem on retarded and advanced 
causal solutions for these wave equations. For definitions and notations we refer 
to [l] (in [l, p. 405, line 141, read “(m!,‘nzt! ... m,!) n (D~lz+ ,..., Djn)~+)” for 
“, (Lylu, )..., Dpu,).“) 
THEOREM. Consider the nonlinear wave equation 
(ctu --t- F(u)u)(x) = 6(x), 3 3 aq2t* - 22px,2 _ i7;2,u22 _ 5y5x”s2, 
x = (t, “1 , x2 , XJ, 
(1) 
where F(u) = xj Fjuj , Fj E R, j E N. Let X =: t2 -- r2, r2 = x,~ -’ xz2 + x,” and 
let v he a real- or complex-valued function of A such that: 
(i) Lv(A) = 4Xd%(A)/dX” + 8 dv(A)/dh + F(v(h)) v(A) = 0; 
(ii) v is holonwrphic in a neighborhood of h = 0; 
(iii) 8~71~ + F(Q) = 0, v0 = e(O). 
Let O-(A) = @(t - r) and O-(h) = @(t + Y) be the characteristic functions 
of ((6 r) t > Y> and ((t, Y) 1 t < -T}, respectively, and let 6-(h) E &(t - r)/b 
and &(A) -e 8(t L r)/2r. Then 
and 
u;.(x) = O+(h) v(h) i (1!27r) S+(X) (24 
U-(X) = Q.$) v(A) - (l/257) &(A) (2b) 
are maximal canonical retarded and advanced causal solutions of (I), respectiveb, 
which are in the class nz,&,, . 
Proof. If z’ satisfies (i) and (ii) then it follows with z@-(h) 7 G+(A) and 
CJS+(h) = 27&r) (cf. [2]) 
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l-&+(x) = Q+(h) Lw(h) i- 4a,&(A) + 6(s) 
- Q+(h)[L - P(w(h))] w(h) -t- 4w()6+@) + 6(x) (3) 
= -Q..(h)F(w(h)) w(h) -t- 4w$+(X) + 6(x). 
As in [I, Example 141, one proves that 
Hence in order that (2a) be a maximal canonical solution of (1) we must have, 
due to (3) and (4), 
4w,~+O) + (1/277)eb) 8+(8 = 0, 
which is equivalent to condition (iii). Using the relations (cf. [2]) n@-(h) = 
-48-(A) and ma-(x) = -27r6(x) the proof for (2b) is exactly as above. 1 
EXAMPLE. The nonlinear wave equation 
(!JU $ KG’)(x) = 8(x), k = constant >0, 
has exactly one retarded (advanced) maximal canonical solution in n&L. 
The retarded solution is given by 
u+(x) = -d3+(r)(~~A + k/8)-’ + (1/27r) 6+(h), 
the advanced solution by 
u-(x) = -~&-(x)(n~X + k/8)-’ - (1/2n) S-(h). 
Proof. The only real solution of w + kw3 = 0 which is holomorphic in a 
neighborhood of h = 0 and satisfies 
F3744 + k++Lt, = 0 
is given by 
w(X) = -+?A + k/8)-‘. 1 
Remark. The retarded and advanced solutions (3) and (6), respectively, 
could also have been obtained by the approximation procedure described in [3]. 
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